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632. 


ON ARONHOLD’S INTEGRATION-FORMULA. 


[From the Messenger of Mathematics, vol. v. (1876), pp. 88—90.] 


THE fundamental theorem in Aronhold’s Memoir, “Ueber eine neue algebraische 
Behandlungsweise der Integrale...II (æ, y)dz, &c.,” Crelle, t. LXI. (1863), pp. 95—145, is 
a theorem of indefinite integration. The form is 


af de op ob tin t gar OE SES 
(aa + By +y) (ha + by +f) ax + By +y 
where y is a certain irrational function of æ, determined by a quadric equation, and 


the other symbols denote constants connected by certain relations; viz. writing, for 
shortness, 


? 


U=(a, b, ¢, f, g, hýæ y, LY, =(a,...¥a, y, 1)? for shortness, 


that is, 
= ax? + Zhay + by? + 2fy + 2gæ + c; 
W=(a, b, c fi g, kx, y, 1YE. 9,1), =(a,...Ua, y, 10E, 9, 1), 
that is, 
= (aw + hy +g) E+ (hæ + byt+f)n+get+fyte, 
or 


(aE+hn+g)aet+(hE+bn+f)y+g&+fn +e; 


(P,Q, R)=(ax+hy+g, hæ +by+f, ge+fy+o), 
(Po, Q, R) =(aEt+hn+g, hE+bn+f, gE+fn +c), 
Q =ax+By+y, | 
O, = a@& + Bn + ¥, 
(A, B, ©, F, G, H)=(bc- f°, ca— g, ab— k, gh—af, hf—bg, fg —ch), 
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then y is determined as a function of æ by the equation U=0, that is, 


(a, b, C, Y; 9, hýæ, Y, t S03 
or, what is the same thing, 


by = — {hæ + f+ /(— Ca? + 2Gx — A)}; 
the constants a, 8, & 7 are such that 
(a, b, c, f, 9, h¥E n, 1}=0, 
a& + Bn +y=0, 
0,=0; 


that is, 


and the value of A is given by 
A?=—(A, B, C, F, G, Hýa, B, vy. 
The theorem may therefore be written 


da W 
aj 8 a 


where the several symbols have the significations explained above. 
The verification is as follows. We ought to have 
Ada _P.dwt+Qdy _ade+ 8 dy 
QQ W Q i 
when da, dy satisfy the relation P dæ + Q dy = 0, viz. substituting for dy the value 


-o the equation becomes 


“0 —PQ, aQ—BP 


WwW GAV 


a 
Q 
that is, substituting for Q its value, 
AW = (PR - PQ:) (ax + By +y) —(4@Q— BP) W. 
On the right-hand side, substituting for W its value, 


coeff. a = æ (P,Q — PQ) -Q (Piz + Qy + R), =QR - QR,, 
coeff. 8 = y (P.Q — PQ) + P (Pux + Qy + R), =RP-RP,, 


(as at once appears by aid of the relation U= Pe + Qy + R =0), 
coeff. y = P,Q — PQ. 


The equation to be verified thus is 
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which, substituting therein for P, Q, R, P., Q, Ro, their values, and writing 


(A, H v)=(n—Y, æ— ý, Ey — nz), 
is in fact 
AW=(A,...¥A, w, vha, B, 4). 


We have identically 
(a, wa y, 1) (a). OE 29, LR — WF (4)... OA, wv 
which, in virtue of (a,...¥&, n, 1} =0, gives 
W?=—(A,...§A, mw, ry; 
and since A?=-— (A, ... ýa, B, y)*, the equation is thus 


v{- (A, UR B, y)? . vi- (A, SÜN, p v)?} = (A, SNA B, via, B Y), 


that is, 
(A, ..Ya, B, y}. (4, XA, m, v} (A, m Ne, B, y) =O. 


The left-hand side is here identically 
= K (a, ae — Bv, av — yà, BXY— ap): 
substituting for A, w, v their values, we find 
(yu — By, av— yà, BX— ap) = (@Q — EQ, yOQ.— nQ, 20, — EQ); 


viz. in virtue of Q,=0, these are =— EQ, — nQ, —€Q, and the quadric function is 
= KO? (a, ...¥&, n, 1X}, vanishing in virtue of the relation (a,...%& n, 1} =0. 


The equation in question 
V{—(A...a, B, YY}. vi- (4... MA, u, vl} H(A... YA, m, výa, B, Y) 


is thus verified, and the theorem is proved. 
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